Cardinalities of ccc-spaces with regular Gδ-diagonals  by Buzyakova, Raushan Z.
Topology and its Applications 153 (2006) 1696–1698
www.elsevier.com/locate/topol
Cardinalities of ccc-spaces with regular
Gδ-diagonals
Raushan Z. Buzyakova
Mathematics Department, Brooklyn College, Brooklyn, NY 11210, USA
Received 5 January 2005; accepted 22 January 2005
Abstract
We show that the cardinality of a ccc-space with a regular Gδ-diagonal is at most 2ω.
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1. Introduction
In [3], Ginsburg and Woods proved that the cardinality of a space with countable extent
and a Gδ-diagonal is at most 2ω. And in the same paper, they asked if it is true that a
regular ccc-space with a Gδ-diagonal has cardinality at most 2ω. The same question was
independently posed by Arhangelskii in [1]. Shakhmatov [6] was the first to answer this
question by showing that cardinalities of such spaces do not have an upper bound. And
later, Uspenskii [7] proved that an upper bound still does not exist even assuming Fréchet
property. Arhangelskii asked what if “Gδ-diagonal” is replaced by “regular Gδ-diagonal”.
In this paper we prove that the cardinality of a ccc-space with a regular Gδ-diagonal does
not exceed 2ω.
In notation and terminology we will follow [2]. A space X has countable chain con-
dition (abbreviated as ccc) if any disjoint family of open sets in X is countable, that is,
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R.Z. Buzyakova / Topology and its Applications 153 (2006) 1696–1698 1697the Souslin number (or cellularity) of X is at most ω. An open box in X × Y is any
open set in form U × V , where U,V are open in X and Y , respectively. A space X
has a regular Gδ-diagonal if there exists a sequence {Wn}n of open sets in X2 such that
ΔX =⋂n Wn =
⋂
n Wn, where ΔX = {(x, x): x ∈ X}.
2. Theorem
Lemma 2.1. Let X have ccc and let U × V be non-empty and open in X2. Let D be
a collection of open boxes in X2 such that U × V ⊂⋃D. Then there exist U1 × V1, . . . ,
Un × Vn, . . . ∈D such that V ⊂⋃n Vn and Un × Vn meets U × V for each n.
Proof. Let D′ consist of all elements ofD that meet U ×V . Since U ×V ⊂⋃D and U is
not empty, we have V ⊂⋃{V ′: U ′ × V ′ ∈D′}. Since X has ccc and V is open in X, there
exist U1 × V1, . . . ,Un × Vn, . . . ∈D′ with the desired property. 
Theorem 2.2. Let X have ccc and a regular Gδ-diagonal. Then the cardinality of X is at
most 2ω.
Proof. Fix a sequence {Wn}n of open sets in X2 such that ΔX =⋂n Wn =
⋂
n Wn. For
every n, fix a collection Dn of open boxes in X2 \ Wn such that |Dn|  2ω and ⋃Dn
contains all of X2 \ Wn. Such collections exist because the cellularity of the product of
ccc-spaces is at most 2ω (see [5]).
Definition of F . F ∈F iff
F = X \
⋃
{V : U × V ∈D for some U},
where D is some countable subcollection of Dn for some n.
Since each Dn has cardinality at most 2ω and each F ∈F is determined by a countable
subset of someDn, we have |F | 2ω. To get to the conclusion of the theorem, it is enough
to show that for any x ∈ X there exist F1, . . . ,Fn, . . . ∈ F such that {x} =⋂n Fn. So fix
any x ∈ X.
Definition of Fn. Fix an open B  x such that B × B ⊂ Wn. Fix O a countable collection
of boxes in X2 \ Wn with the following properties
(O1): x ∈ U ⊂ B for every U × V ∈O;
(O2): ⋃{V : U × V ∈O for some U} contains {y: (x, y) /∈ Wn}.
To construct such a collection, simply cover [{x} × X] \ Wn by open boxes and then
use ccc to select a desired countable subcollection. For each U × V ∈O, fix U1 × V1, . . . ,
Ui × Vi, . . . ∈Dn satisfying the conclusion of Lemma 2.1. Let GU×V =⋃i Vi . Before we
define Fn let us make the following remarks to be used later.
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Lemma 2.1, U ∩ Ui = ∅. Hence, Ui ∩ B = ∅. Now, if Vi met B as well then Ui × Vi
would have met B ×B . However, B ×B ⊂ Wn while Ui ×Vi ∈Dn is a subset of X2 \Wn.
Remark 2.
⋃{GU×V : U × V ∈O} contains {y: (x, y) /∈ Wn}. Indeed, since Ui × Vi ’s
satisfy the conclusion of Lemma 2.1, GU×V contains V . And now apply O2.
Put Fn = X \⋃{GU×V : U × V ∈O}. Clearly, Fn ∈F .
By Remark 1, x ∈ Fn for each n. By Remark 2, Fn misses {y: (x, y) /∈ Wn}. By the
choice of Wn’s, we have {x} =⋂n Fn. 
Observe that Gδ-diagonal implies countable pseudocharacter. And regular Gδ-diagonal
implies Hausdorfness [8]. By Hajnal–Juhász inequality [4], the cardinality of a first-
countable Hausdorff ccc-space is at most 2ω. These three facts motivate the following
question.
Question 2.3. Is there a ccc-space with a regular Gδ-diagonal that does not condense onto
a first-countable Hausdorff space?
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